Introduction
It is a basic result of topology that a space X has a simply connected cover if and only if X is semilocally simply connected; that is, if for each x ∈ X, there is an open neighborhood U of x such that the inclusion of U in X induces the trivial map on π 1 . Of course, a covering space is simply a fibration all of whose fibers are discrete, and in the case of a simply connected cover, there is a one-to-one correspondence between the discrete fiber and π 1 (X). This suggests a syllogism: X is semilocally simply connected if and only if π 1 (X) is discrete. Unfortunately, since π 1 (X) is not a topological space, that sentence makes no sense. In this paper, we introduce a topology on π 1 (X), and prove the above statement. Furthermore, we are able to completely classify the connected covers of any space X in terms of the topology of π 1 (X). We also construct fibrations with fiber π 1 (X) (as well as π 1 (X)/π for some subgroups π of π 1 (X)) and develop a theory of a special type of fibration-which we call rigid covering fibrations-which behaves in most ways like a covering space, but exists in a significantly more general setting. In addition to simply generalizing the classical theory of covering spaces, these results give a much clearer idea of what goes wrong when a space fails to be semilocally simply connected.
These results all reduce to classical theorems when X is a CW complex; thus, it is desirable to define a new category of spaces to provide a natural home for our ideas. We do this by finding a suitable enlargement of the CW category, which is small enough that many classical techniques of topology can still be applied, but large enough to contain many interesting examples of spaces for which our results are nontrivial. We extend some classical results about CW complexes to these spaces.
The above discussion dovetails nicely with the familiar analogy between Galois theory and the theory of covering spaces. Indeed, for the classical results of Galois theory to work for infinite extensions, one must first put a profinite topology on the infinite Galois group by expressing it as an inverse limit of finite Galois groups; then, the intermediate fields correspond to closed subgroups, rather than arbitrary subgroups. We are able to strengthen this analogy by showing that our topology on the fundamental group is pro-discrete in many cases, and a quotient of a pro-discrete topology in numerous other instances.
Our work can be viewed as a generalization of results announced by Dugundji [6] . He puts a topology on the fundamental groups of certain spaces, which in sufficiently nice cases agrees with the topology we give. Furthermore, in these tame settings, he asserts a classification theorem for connected covers of a space, which is a special case of our Theorem 5.5. However, in addition to the fact that proofs of his claims never appeared, our result holds in somewhat greater generality, so it is our feeling that the publication of this article does not represent an undue duplication of the existing literature. For a less technical and complete but perhaps more conceptual exposition of our results, see [2] .
There are several other approaches to the problem of generalizing covering space theory to non-semilocally simply connected situations. Bogley and Sieradski (see [3, 4, 11] ) take as their point of departure a generalization of combinatorial group theory that allows them to study in some particular cases what amounts to the same thing as our topology on π 1 . They go on to use their theory to produce and analyze some very nice examples (which turn out to be instances of what we call rigid covering fibrations). Also, Ardanza-Trevijano and Hernández-Paricio (see [1, 9] ) have related results concerning the fundamental progroupoid of a space. Their work is motivated by a generalization of results of Fox [7] by Koçak [10] . Unfortunately though, Fox's overlays, which are meant to generalize covering spaces, do not actually have the property that every cover is an overlay (for an example, see [8] ). The advantage of our approach over these previous ones is threefold: it is conceptually simpler; it sheds new light on the theory of classical covers in the case of arbitrary topological spaces; and it enables us to prove more complete and general results than existed before.
Covering fibrations
A covering space is a very special type of fibration-that is, a fibration which is a fiber bundle with discrete fiber. However, many properties of covering maps hold for fibrations satisfying slightly less strong conditions. Definition 2.1. Let X be a topological space. A (Serre) fibration p : E → X is said to be a covering fibration if p * : π i (E) → π i (X) is an isomorphism for i 2 and an injection for i = 1.
R E T R A C T E D
By applying the long exact sequence of the fibration, we see that a fibration is a covering fibration if and only if every path component of the fiber is weakly homotopy equivalent to a point. Thus, a covering fibration satisfies one of the basic properties of covering maps. We begin our analysis by constructing covering fibrations in some situations in which covering spaces might not exist. Since the spaces we encounter will not, for the most part, be CW complexes, we will prove some facts that seem familiar, because in most expositions of basic topology, they are proven only for CW complexes. Lemma 2.2. Let X be any space, and f : S n−1 → X a map from the (n − 1)-sphere to X. Let X = X ∪ f E n be the space obtained by attaching an n-disc E n to X by gluing its boundary to X via f . Then if Y is a CW complex of dimension less than n, any map g : Y → X factors through X up to homotopy.
Proof. For a nonnegative real number c, let E n c = {x ∈ R n : |x| c}, so that E n = E n 1 . We then have maps E n 1/2 → E n → X ; the composition is injective. We identify E n 1/2 with its image in X , and let Z = g −1 (E n 1/2 ). Then Z is the closure of an open subset of a CW complex, so g|z is homotopic to a to a map g| z : Z → ∂E n 1/2 , via a homotopy fixing g −1 (∂E n 1/2 ). Hence, g is homotopic to a map g : Y → X whose image does not intersect the interior of E n 1/2 . But the space X \ Int(E n 1/2 ) clearly retracts onto X, so the proof is complete. ✷ Theorem 2.3. Let X be a space and π π 1 (X) a normal subgroup of the fundamental group of X. Then there is a covering fibration p :
Proof. First, we include X in a space X with π 1 (X ) = π 1 (X)/π . To do this, simply add 2-cells to X corresponding to maps f : S 1 → X that represent elements of π . By Van Kampen's Theorem, this space will have fundamental group π 1 (X)/π . Now, add 3-cells to X to kill its second homotopy group; by Lemma 2.2, this procedure will not change π 1 (X ). Next, add 4-cells to kill its third homotopy group; Lemma 2.2 assures that this will change neither π 1 (X ) nor π 2 (X ). Continuing in this manner, we obtain an inclusion of X into a space K, i :
Fix some base point a ∈ K. Now, let E be the space of paths γ :
Then we must show thatf extends to a map F :
This satisfies the desired properties.
So now we have a fibration p : E → X. But the fiber is homotopy equivalent to ΩK, the space of loops in K, that has the property that π n (K) = π n−1 (ΩK), so that π n (ΩK) = 0 R E T R A C T E D for n 1, and π 0 (ΩK) = π 1 (X)/π . Hence, the long exact sequence of the fibration shows that p : E → X is a covering fibration with p * π 1 (E) = π . ✷ Notice that for the subgroup π = 0, our construction simply yields X 1 , the first step of the Whitehead tower [5] .
Unfortunately, it is very difficult to prove anything about covering fibrations; most arguments concerning covering spaces use at least the unique lifting property of covering maps. That is, if p : E → X is a covering space and γ : I → X is a path in X and e ∈ E is a point with p(e) = γ (0), there is a unique liftγ :
One can show [12, 2.2.5] that a fibration has unique path lifting if and only if all of the fibers have no nonconstant paths; needless to say, our covering fibrations are very far from satisfying this condition. In order to understand when we can arrange for unique path lifting to hold, we will need to understand some more delicate input implicit in the fundamental group. Accordingly, we now provide as an interlude this careful analysis of π 1 .
The topological fundamental group
In order to meet our stated goals of adequately generalizing the theory of covering spaces, we will need to perform a more delicate analysis of the fundamental group. Let (X, x) be a pointed space. Then the space of continuous based maps Hom((S 1 , 1), (X, x)) can be given the compact-open topology; this topology has as a subbase the sets K, U = {f : 
, which allows us to define a quotient topology on π 1 (X, x). When we want to emphasize the fact that π 1 (X, x) is a topological space, we will denote it by π top 1 (X, x). We first prove several basic properties of this topology. Proof. We first prove that the operation of taking inverses is continuous in π top 1 . Throughout, we think of S 1 as the unit circle in C; given two reals a and b, we will denote by (a, b) the subset {e iθ | a < θ < b}, and [a, b] will denote the analogous closed interval.
i , U i . Hence, the inverse map pulls opens back to opens, so it is continuous.
To show that multiplication is continuous, consider the commutative diagram
where the vertical maps are projections, m is concatenation of paths, and m is multiplication. To show that m is continuous, it suffices to show that m is continuous, for then if Proof. Once again, consider the commutative diagram
where C γ (α) = γ −1 αγ . Using the same argument as given in the previous proof, to show that c γ is continuous, we need only show that
be an open, and let
. Therefore, C γ , and, hence c γ , is continuous. But c −1
Proof. This follows from our usual argument applied to the diagram
We know that f # is continuous because f Proof. This follows directly from the corresponding fact about ordinary π 1 , along with Propositions 3.1-3.3. ✷
R E T R A C T E D
For our applications, we will need to have at our disposal a topological analogue of Lemma 2.2.
Lemma 3.5. Let (X, x) be a pointed space and f : S n−1 → X a map, and let X = X ∪ f E n be the space obtained by attaching an n-cell to X via f . Then if n > 1, the map f * : π
Proof. We certainly know that f * is a surjection, and by Proposition 3.3, it is continuous. To complete the proof, let V ⊂ π
is open, we can write
is the projection, I is some indexing set,
Furthermore, we may assume that for every pair i, j , the space (imf ) ∩ U ij is pathconnected. Indeed, otherwise we write 
Finally, for any open set U ⊂ X, define U ⊂ X to be the set U if U ∩ (imf ) = ∅, and U ∪ Int(E n ) otherwise. We claim that
Thus α is homotopic to a map α having the property that α = α on S 1 \W , and
is an open interval as described before. Thus, α is homotopic to a map α having the property that α = α on S 1 \W , and α| [a i ,b i ] is a path connecting α(a i ) and α(b i ) contained in (imf ) ∩ U j , which exists by our assumption. This completes the proof. ✷ Obviously, if (X, x) is any pointed space, then π 0 (x, x) can be made into a topological space by viewing it as a quotient of X. We thus obtain a functor π top 0 from the category of pointed spaces to itself. 
Proof. Recall that E was constructed by first constructing an inclusion
But since since X was constructed by adding cells of dimension greater than 1 to X, we know from Lemma 3.5 that ı * is topologically a quotient map. Now, F = ΩX , so we need only show that π , 1), (X, x) ), so the proof is complete. ✷ In constructing rigid covering fibrations, we will often need to consider the space of left or right cosets of some subgroup π top 1 ; as a topological space. On several occasions, there will be no intrinsic reason to consider left rather than right cosets, but by the following proposition, it turns out to make no difference which we use. 
Rigid covering fibrations
The topology on the fundamental group introduced in the previous section, along with the assorted properties of π top 1 that we proved, give us a language in which to formulate our generalized notion of covering maps.
R E T R A C T E D
Definition 4.1. Let X be a topological space. A fibration p : E → X is called a rigid covering fibration if it is a covering fibration and if, in addition, each fiber has no nonconstant paths.
In this section, we will construct and classify the connected rigid covering fibrations over a space X in terms of the topology on π 1 (X). We begin with a slight generalization of [12, 2.2.5] that we will need for technical reasons. 
Obviously, p • Γ t is a based at γ (t) which represents the trivial element of π 1 (X, γ (t)). Thus, by the homotopy lifting property, we obtain a lift of the homotopy between p • Γ t and the constant path to a map G t : . Let E be a quotient of E by the equivalence relation e 1 ∼ e 2 if p (e 1 ) = p (e 2 ) and the path components of the fiber F e containing e 1 and e 2 are in the same left coset of π in π 1 (X). We call the quotient map p ∼ : E → E. Obviously, since we have only identified points within fibers of p , we have a map p : E → X. Also, the fiber of p over each point of X is a totally path-disconnected space homeomorphic to π top 1 (X)/π , so by the long exact sequence of the fibration, it remains only to show that p is indeed a fibration.
Recall that to see that p is a fibration, it suffices to show that for every homotopy G : I n × I → X and every mapg : I n → E with p •g = F | I n ×{0} , we can find a lift G : I n × I → E extendingg.
We can lift F to a homotopy G : I n × I → E as follows: define F (0, . . . , 0) to be an arbitrary element of (p ) − 1 (F (0, . . . , 0) ). Using the homotopy lifting property, lift G| I ×{0} n and then G| I 2 ×{0} n−1 , and, by induction, G. Denote p ∼ • G : I n × I → E by G. We now have the following diagram.
It remains to show that G| I n ×{0} =g. To see this, fix a point x ∈ I n , and let γ : I → I n be a path from (0, . . ., 0) to x. Then we may liftg • γ to a path λ : I → E with λ(0) = G • γ (0) (this can be done because E is a path space, so we lift by picking an arbitrary element of the homotopy class and then extending the path). Now, by Lemma 4.2, λ(t) and ( G • γ )(t) are in the same path component of F for all t, so, since p ∼ identifies each path component of F to a point, we haveg
Since rigid covering fibrations have unique path lifting, we can apply standard arguments to extend a number of classical theorems about covering spaces to the rigid covering fibration setting. Definition 4.4. Let X be a connected space. The category of rigid covering fibrations over X is the category whose objects are rigid covering fibrations p : E → X and morphisms are commutative triangles of the form
Lemma 4.5. Every morphism in the category of rigid covering fibrations over X is itself a rigid covering fibration.
Proof. Let f , p 1 , and p 2 be as in the diagram above. Then (p 2 ) * • f * = (p 1 ) * : π n (E 1 ) → π n (X) is an isomorphism for n > 2 and (p 2 ) * is as well, so f * is an isomorphism for n > 2; similarly, f * is an injection for n = 1. Now, for any e ∈ E 2 , we have f −1 (e) ⊂ p −1 1 (p 2 (e)) which has no nonconstant paths, so all the fibers of f has no nonconstant paths. Thus, we need only show that f is a fibration. So, let G : Y × I → E 2 be a homotopy, andg : Proof. By Theorem 4.6, the rigid covering fibrations are classified by the conjugacy classes of subgroups π < π 1 (X, x) such that there exist a rigid covering fibration p : E → X with p * (π 1 (E)) = π . By Theorem 4.3, there exists such a rigid covering fibration for every π such that π top 1 (X, x)/π has no nonconstant paths. Now, let p : (E, e) → (X, x) be a rigid covering fibration, with p * (π 1 (E, e)) = π for some subgroup π of π 1 (X, x). Since this is a rigid covering fibration, we have unique lifting of paths, so there is a well-defined lifting map Hom((S 1 , 1), (X, x)) → Hom((I, 0), (E, e)); composing this with evaluation on the endpoint gives a map Hom ((S 1 , 1), (X, x) ) → F that is obviously continuous; therefore, the boundary map π The results of the previous section indicate that the functor π top 1 is worth studying. In this section, we present a more careful analysis of its behavior.
R E T R A C T E D Theorem 5.1. A topological space X is semilocally simply connected if and only if
Proof. First suppose that X is semilocally simply connected. The construction of Theorem 2.3 is known to produce the universal cover of X. But then the fiber, which is π top 1 (X), is discrete, so we are done. Now, suppose π top 1 (X) is discrete, and fix x ∈ X. Then in particular π top 1 (X, x) is discrete, so there is an open neighborhood W ⊂ Hom ((S 1 , 1), (X, x) ) of the constant loop at x such that each element of W is homotopic to the constant loop. We can represent some open subneighborhood of W as
1 is the precise formulation of the syllogism alluded to in the introduction.
Proposition 5.2. Let (X i , x i ) be a space for every i in some indexing set I . Then
Proof. We use an argument akin to several used above. Consider the diagram
where the top horizontal maps are given by functorial properties of the product, and the bottom maps are isomorphisms of groups. It is easy to see that the top maps are continuous, and so, by arguments given earlier, we need only show that both vertical maps are quotient maps. Certainly the right-hand map is. In order to see that P is a quotient map, we must show that if
we can cover it with basic opens of the form i∈I V i with V i ⊂ Hom ((S 1 , 1), (X i , x i ) ) open and V i = Hom ((S 1 , 1), (X i , x i ) ) for all i / ∈ J for some finite J ⊂ I . But then let V = i∈J V i be a maximal set having the property that
) is open and it is of the form P −1 ( i∈I U i ), so i∈I U i must be open; since we can cover P −1 (U ) with opens constructed like this, we have covered U with opens, so U is open and we are done. ✷ 
R E T R A C T E D
Proof. We know that X is simply connected if and only if π top 1 (X) is discrete, which is true if and only if i∈I π top 1 (X i ) discrete. Now, certainly, a product of spaces cannot be discrete unless each space is discrete, so each X i must be semilocally simply connected. But a product of infinitely many discrete spaces having more than one point is also not discrete, so we find that all but finite many X i must be semilocally simply connected. The converse follows similarly. ✷ In addition to providing an easy proof of Corollary 5.3 (which was not terribly difficult in the first place), this language can be used to classify the connected covers of a space X, significantly generalizing Theorem 5.1. Now, the connected covers will certainly correspond to some collection of conjugacy classes of subgroups of π 1 (X, x). Suppose p : (E, e) → (X, x) is a cover with p * (π 1 (E, e) All that remains to be shown is the existence of covers corresponding to subgroups π with π top 1 (X, x)/π discrete. But in this case, we can apply Corollary 4.7 to construct a rigid covering fibration p : E → X with fiber π top 1 (X, x)/π . Since the fiber of p is discrete, we see that p must actually be a covering map, which completes the proof. ✷
A modified CW category
As pointed out above, none of the ideas of this paper are new in the case of semilocally simply-connected spaces, so in order to put them to use, we need to search for some category other than the CW category to work in. In this section, we introduce a category whose spaces are built up out of finite-dimensional cells like CW complexes, but that need not satisfy a global compatibility condition. The exposition follows that of [12] , with appropriate modifications.
R E T R A C T E D
Definition 6.1. Let A be a closed subset of a space X. Then X is said to be obtained from A by adjoining n-cells if we can partition X\A into open subspaces U n i such that we have maps f i : E n → X, taking the interior of E n homeomorphically onto U n i , and mapping the boundary S n−1 of E n onto the boundary ∂U Here, the letters CF stand for closure-finite. We do not demand the crucial property of CW complexes that the global topology be determined by the skeleta. This makes CF complexes somewhat more unwieldy to study in many respects, but they are substantially more appropriate for our purposes, as we will exhibit in the next section. Moreover, the CF category has one nice property that CW complexes lack. Proposition 6.5. Let (X i , A i ) be relative CF complexes for i ∈ I . Let X = i∈I X i , and
This is easily seen to give a CF-decomposition of (X, A). ✷

Two examples
Now that we have a theory to handle spaces which are not semilocally simply-connected, we ought to indicate how this works in practice. In this section, we illustrate the theory via two examples of CF complexes, in which Theorem 4.6 gives completely different results.
We begin with everyone's first example of a space which is not semilocally simplyconnected, which our theory fortunately handles quite easily, the Hawaiian earring space HE, namely the union over all positive integers n of planar circles of radius 1 n centered at ( 1 n , 0) (see Fig. 1 ). Now, for all positive integers n, the loop γ n : I → HE traversing the nth circle defines an element x n ∈ π 1 (HE, (0, 0) ). Of course, π 1 (HE, (0, 0) ) maps to the free group F n = F (x 1 , x 2 , . . . , x n ) , and in fact, it is not too hard to check that The Hawaiian earring, therefore, provides us with an example about which our theory has a great deal to say. Unfortunately, there are plenty of cases in which the situation is not so good. Consider, for example, the harmonic archipelago HA introduced in [3] , defined as follows. First consider the unit disc of radius 1 centered at the point (1, 0) in the plane, and then embed the plane into R 3 , so that the center of the disc now has coordinates (1, 0, 0). Now, at each point of the form ( very narrow spire of height 1 (see Fig. 2 ). Of course, under the inclusion ι : HE → HA, the elements x 1 , become identified, but (perhaps surprisingly) each ι * (x i ) is nontrivial. Indeed, any homotopy from γ 1 to the constant path must have in its image each ( (HA, (0, 0, 0) )/π is continuous, and therefore the only rigid covering fibration over HA is the identity map.
Topological π 1 as an inverse limit
One interesting feature of the first example presented in the previous section is the isomorphism
where A i denotes the subset of HE made up of all circles of radius 1 n with n i. (Note that this is an isomorphism of topological groups.) In this section, we prove a general theorem expressing π top 1 of a CF complex as a quotient of an inverse limit of discrete groups. In addition to its computational value, this result has appeal in that it furnishes an additional link with Galois theory. Specifically, to pass from the theory of finite Galois extensions to infinite extensions, one puts a pro-discrete topology on the Galois group, and closed R E T R A C T E D subgroups turn out to play precisely the role of ordinary subgroups in the finite case; in the covering space case, we put a nearly pro-discrete topology on the fundamental groups, and then open subgroups play the role of ordinary subgroups in the classical theory.
By Lemmas 2.2 and 3.5, the topological fundamental group of a CF complex depends only on the 2-skeleton; indeed, if X 1 and X 2 are the 1-skeleton and the 2-skeleton, then π top 1 (X) depends only on π top 1 (X 1 ) and ker(π 1 (X 1 ) → π 1 (X 2 ) ). Thus, we may restrict our attention to 2-dimensional CF complexes. Furthermore, our techniques will require that the complexes be metrizable. We begin our analysis with the 1-dimensional case. So, let X be a 1-dimensional CF complex with a metric. For a positive real number a, let X a be the union of all 1-cells with diameter less than a. Then for any decreasing sequence of positive numbers a 1 , a 2 , . . . , we have a map
Thus, we obtain a map
In fact, ψ is an isomorphism. It is injective because a loop γ : S 1 → X representing an element of the kernel must factor through X a i , which is discrete. Surjectivity of ψ follows from the fact that an element of lim ←− i π 1 (X/X a i ) can be represented as a word in the generators of the free groups π i (X/X a i ) having the property that for any a i , the number of letters whose corresponding loops have diameter greater than a i is finite. Furthermore, since all of these constructions are functorial, the group isomorphism ψ : π To compute the kernel of the map π 1 (X 1 ) → π 1 (X 2 ), let a be a positive real, and let R a be the free group generated by the two-cells with diameter greater than a. Once again, if a 1 , a 2 , . . . is a decreasing sequence, we have an inverse system R a 1 ← R a 2 ← · · · . Since 2-cells in X are attached via maps S 1 → X 1 , each 2-cell gives us an element of π 1 (X). Furthermore, by the construction of inverse limits in the category of groups, we actually obtain a map ϕ : lim ϕ by R a 1 ,a 2 
